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Chemical Reaction Networks (CRNs) are a formal language for modeling chemical
kinetics, modeled as continuous-time Markov chains (CTMCs). CRNs include rare
events that challenge state-of-the-art tools [1]. While probabilistic extensions of PDR
are promising [2, 3|, these tools are designed for discrete-time Markov models. Fur-
ther, these tools verify a user-provided upper bound on the probability of failure, re-
quiring expert knowledge of the model or guess-and-check methods.

We tackle three main challenges for CRN verification:

1. CRN analysis requires enumerating many traces, especially for rare events;
2. CRN verification requires full numerical analysis and an explicit state space; and
3. Bounding variables in infinite-state CRNs requires deep insights into the model.

We propose the following two solutions to these problems:

1. An automated method to bound a state space by analyzing PDR frames; and
2. An alternative to explicit state space enumeration: an expansion to PDR that
symbolically estimates the probability of reaching a rare event =P in a CRN.

Property-Directed Reachability (PDR)

Property-Directed Reachability (PDR) is a highly-scalable symbolic verification tech-
nique designed for reachability analysis of Boolean systems |4, 5|. PDR has since been
expanded and revised to verify systems with quantifier free formulae over bitvectors [6]
and Markov decision processes |[3].

= PDR generates a trace from initial state I to a target state violating safety property
P or providing an invariant as a proof of P.

= PDR analyzes a model using relatively inductive frames. Frame F}. contains
reachable states from F}._; in one step.

= |n traditional PDR, execution terminates when the whole reachable state space
satisfies P or when PDR cannot exclude a target state from the reachable area.

= This work leverages PDR’s ability to find traces to =P to obtain the probability of a
CRN behavior of interest.

A Simple PDR Example

Frame Fj shows that only I is reachable in zero steps. In F}, unreachable regions are
blocked (shown in gray). F} proves =P is unreachable from I in 1 step. Then F; is cre-
ated, and unreachable regions from F; are blocked. More states are reachable, but =P
s still blocked. After creating F3, we cannot block every —P-state. The red counterex-
ample trace is returned to show P ftails.

This inductive checking procedure makes PDR an extremely efficient tool to find coun-
terexample traces and check safety properties in deterministic models. We propose
expanding its functionality to probabilistic models.
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Using PDR for Variable Bounding

CRNs often have large or infinite state spaces. In our experience, knowing how to
bound variables in a complex model becomes problematic for users. For example,
we are often required to set extremely high bounds for variables to avoid excluding
an important part of a state space.

This causes a dilemma for a CRN verifier:

= |f the bound is too high, state explosion causes time and memory problems.
= |f the bound is too low, we may exclude valuable states from our state space.

We suggest PDR can provide valuable insights to set reasonable bounds. It already
finds unreachable regions of a state space, so it follows that these regions can be
used to generate variable bounds.

Backward Analysis

Consider the following CRN modification:

= Consider —I as the safety property
= Consider =P as the initial state formula
= Reverse all transitions

't PDR checks this backward model, we obtain a backward-reachable region. States in
this region can reach a target state within n steps, regardless of the initial state. If the
forward-reachable region is Region A, and the backward-reachable region is Region B,
the region A N B contains all the traces that start at I and end at =P. This gives us a
tighter state space, allowing for accurate species bounds and lower verification effort.
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The probability returned by probabilistic model checking using these bounds is a lower
bound on the true probability because the model is only guaranteed to include traces
up to a finite number of steps.

PDR Adaptations for Variable Bounding
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Layered PDR For Probability Estimates

We propose three adaptations to PDR to optimize it for CRN variable bounding:

1. Use information from the CRN model to suggest smart bounds to PDR. For
example, if z can increase 2, a suggested bound at step k is x < 2k.

2. After one n-step counterexample is found, frame F;, contains every n-step trace.
CRNs are highly concurrent, so allowing an additional few steps can significantly
increase the probability of a CRN reaching —P. Variable bounds can be derived
from frame F,,., providing all traces of up to n + k steps.

3. Bounds can be further tightened by evaluating backward reachability.
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Our goal is to obtain the probability of a CRN to reach a rare event of interest within a time
bound. We propose a layered approach to PDR for incremental probability estimation:
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Three layers combine to form the modified PDR:

= Layer 1: Reachability. Layer 1 is our adapted implementation of PDR.

= Layer 2: Time-Bounding. Layer 2 analyzes CRN time-bounded reachability
information. Using PDR’s inductive checking, this layer accumulates mean dwell
times (average time spent in CTMC states) and blocks regions that take too long
to reach a target state.

= | ayer 3: Probability-Labeled Regions This layer groups states into regions of
states with similar properties and labels each region with a probability upper and
lower bound. The final probability upper and lower bounds can then be computed
inductively starting at regions satistying =P in the final frame.

By superimposing these layers, we find an estimate of the probability. We suggest this
method will be able to return relatively tight bounds around the true probability.
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